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Abstract 

We present a new proof, as well as a C/Q extension, of the Riemann- 
Roch-Grothendieck theorem of Bismut-Lott for flat vector bundles. The 
main techniques used are the computations of the adiabatic limits of ?y- 
invariants associated to the so-called sub-signature operators. We further 
show that the Bismut-Lott analytic torsion form can be derived naturally 
from the transgression of the fy-forms appearing in the adiabatic limit 
computations. 

1 Introduction 

Let M be a compact smooth manifold. For any complex flat vector bundle 
F over M with the flat connection V^, one can define a mod Q version of the 
Cheeger-Chern-Simons character CCS(F,V F ) (cf. |CS| ) as follows. Let k be a 
positive integer such that kF is a topologically trivial vector bundle. Let Vq^ 
be a trivial connection on kF, which can be determined by choosing a global 
basis of kF. Let kV F be the connection on kF obtained from the direct sum of k 
copies ofV F . Then we define the mod Q version of the Cheeger-Chern-Simons 
character as 

(1.1) CCS(F, V F ) = lcS{V k F , kV F ), 

where CS(V(j F , kV F ) is the Chern-S imons class associated to (kF, kSJ F , Vq ). 
It determines a well-defined element in H odd (M, C/Q) (See Section 2.4 for more 
details). 

Let Z — > M — > B be a fibered manifold with compact base and fibers. 
Let e(TZ) be the Euler class of the vertical tangent vector bundle TZ. The 
flat vector bundle (F, V F ) over M induces canonically a Z-graded flat vector 
bundle H*(Z,F\ Z ) = ®f™ z H l (Z, F\ z ) over B (cf. BLj). Let \/H*(z,f\ z ) = 
(Bf^ z V H ^ Z ' F ^ z ^ denote the corresponding flat connection induced from V^. 
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In |BL| . Bismut and Lott proved a Riemann-Roch-Grothendieck type for- 
mula for the imaginary part of the Cheeger-Chern-Simons character, which can 
be stated as an identity in H odd (B, R), 
(1.2) 



dim Z 



j e(TZ)lm(CCS(F,V F )) = ^ (—l) i lm(CCS(H i (Z, F\z), V^*^'^'^)). 

They actually proved in |BL| a refinement of ()1.2j) on the differential form level, 
and constructed a real analytic torsion form in the context. 

There is also a topological proof of (|1.2j) given by Dwyer, Weiss and Williams 
|BWWj . 

In this paper, we will present a new approach to Q1.2j) based on consider- 
ations of 77-invariants of Atiyah-Patodi-Singer APSl^. Besides giving a new 
proof of (|1.2j) , our method also provides an extension of (|1.2|) to cover the real 
part of the Cheeger-Chern-Simons character. One of the main results of this 
paper can be stated as the following identity in H odd (B, R/Q), 



(1.3) 



dimZ 



j e(TZ)Re{CCS(F,V F )) = (-l) i Ke(CCS(H i (Z, F\ z ), V^ (Z ' F|z) )). 

Putting (|1.2j) and Q1.3JI together, we get the following formula which can be 
thought of as a Riemann-Roch-Grothendieck formula for these Cheeger-Chern- 
Simons characters. 

Theorem 1.1. We have the following identity in H odd (B, C/Q), 

„ dim Z 

(1.4) / e(TZ)CCS(F,V F ) = V (-iyCCS(H l (Z, F\ z ), \/^(z,F\ z )y 

In particular, ifC denotes the trivial complex line bundle over M , then one has 

dim Z 

(1.5) ^2{-l) i CCS{H i {Z,C\z),V Hl{z ' CU) ) = Q in H odd (B, C/Q). 

i=0 

It turns out that (jl.3|) has been obtained by Bismut in |B31 Theorem 0.2] 
under the extra condition that TZ is fiber- wise oriented, while when dimZ is 
even, (jl.5|) is a special case of |B31 Theorem 3.12]. 

Our proof of (|1,3|) . in its full generality, is based on an extension of |Z11 
Theorem 0.2], where Zhang proved a Riemann-Roch type formula for certain 
extended versions of the Atiyah-Patodi-Singer p-invariant associated to the sub- 
signature operators constructed also in Zl . The main method used, as in 
Zl , is the computation of the adiabatic limits of the constructed sub-signature 
operators, based on the techniques developed by Bismut-Cheeger |BCj and Dai 
[P] . as well as the local index computations developed in the papers of Bismut- 
Lott |BL| and Bismut-Zhang |BZj . Moreover, under suitable deformations of 
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these sub-signature operators, the above arguments also lead to a new proof of 
()1.2[) . Thus, we obtain (|1.4|) solely in the framework of 77-invariants. 

It is particularly interesting that in such a process, the analytic torsion 
form of Bismut-Lott T3L shows up naturally in a transgression formula of 
the ?7-forms associated to the deformed operators. This suggests a natural 
relationship between the r\ and torsion invariants. 

We should mention that the proof in JBZ . for (1.3) relies also on the compu- 
tations of adiabatic limits of 77-invariants. Moreover, when dimZ is even, (jl.5[) 
plays a role in our proof of (1.3). 

From another aspect, in view of the R/Z-index theory developed by Lott 
[Ej . one can refine (jl,3[) to an identity in K^^ Z (B) if Z is even dimensional and 
spin c (cf. Section l3~9|) . 

This paper is organized as follows. In Section as in [BLl Section 2], we 
deal with the finite dimensional situation. In Section we develop a proof for 
both IJ1.2|) and Q1.3j) . and discuss the relations between the rj and torsion forms 
mentioned above. 
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2 //-invariants and flat cochain complexes 

In this section, we discuss the 77- invariants associated to a Z-graded flat 
cochain complex. The framework is a combination of those in |BC| and |BL1 
§1, 2]. We show that the Bismut-Cheeger r]- form is exact in computing the 
natural adiabatic limit of r/ invariants appearing in the context. As a conse- 
quence, we deduce an equality relating the Cheeger-Chern-Simons characters 
of this cochain complex and of its cohomology. Moreover, a torsion form is 
constructed to transgress the jy-form. This torsion form turns out to be of the 
same nature as those constructed by Bismut-Lott in BL , §2]. 

This section is organized as follows. In Section 12.11 we set up the basic 
geometric data. In Section 12.21 we introduce a deformation for the twisted 
signature operator in the context. In Section 12.31 we compute the adiabatic 
limit of the //-invariants associated to the deformed twisted signature operators 
discussed in Section 12.21 In Section I2.4| we recall the construction of the mod 
Q Cheeger-Chern-Simons character as well as its relation with ^-invariants. 
In Section 12.51 we establish a C/Q formula relating various Cheeger-Chern- 
Simons characters. In Section \2. 61 we refine the real part of the formula proved 
in Section l2~5l to an identity in A"^y z -group. In Section l2~Tl we construct the 
torsion form transgressing the 77-form mentioned above. In Section 12.81 we 
discuss in more detail the relationships between r\ and torsion forms. 
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2.1 Superconnections and flat cochain complexes 

Let (E, v) be a Z-graded cochain complex of complex vector bundles over a 
compact smooth manifold B, 

(2.1) (E, v) : 0^E° ^E 1 A ... A £™ 0. 

Let V E = ®f =0 V El be a Z-graded connection on E. We call (E,v,V E ) a flat 
cochain complex if the following two identities hold, 

(2.2) (V £ ) 2 = 0, [V E ,v]=0, 

where we have adopted the notation of supercommutator in the sense of Quillen 

Let h E = (&f =0 h EZ be a Z-graded Hermitian metric on E. Let v* £ 
C~(B,Hom(.E*,.E*- 1 )) be the adjoint of v respect to h E . Let (V B )* be the 
adjoint connection of V s with respect to h E . Then (cf. |BZ| (4.1), (4. 2)] and 

nn§i(g)D 

(2.3) (V E )* = V E + uj(E, h E ) 
with 

(2.4) u(E, h E ) = {h E )~ l {V E h E ). 

Let A', A" be the superconnections on E in the sense of Quillen [Q] defined 

by 

(2.5) A' = V E + v, A" = {V E Y + v* . 

Let N £ End(.E) be the number operator of E, i.e., N acts on E l by 
multiplication by i. We extend N to an element of C°°(B, End (E)). 
Following IE0 (2.26), (2.30)], for any u > 0, set 

(2.6) C' u = u N / 2 A'u- N / 2 = V E + V^v, 

d = u ~ n / 2 a"u n / 2 = (v E y + 

Let 

(2.7) V E ' e = V E + X -uj{E, h E ) 

be the Hermitian connection on (E, h E ) (cf. |BLl (1.33)] and |BZ1 (4.3)]). Then 



(2.8) Cu = V B ' e + Y (w + ^) 
is a superconnection on E, while 

(2.9) Du = }. UJ (E,h E ) + ^(v*-v) 
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is an element in C°°(B, (A(T* B)®End(E)) odd ). 

On the other hand, for any b G B, let H(E,v) b = ®™ =Q H i {E,v) b be the 
cohomology of the complex (E,v)b- Then as in |BU §2(a)], by (|2.2|) . there 
is a Z-graded complex vector bundle H(E, v) on .B whose fiber over b £ B 
is H(E,v)f). Moreover, H(E,v) carries a canonically induced flat connection 
yH{E,v) ( cf jBLj Proposition 2.5]). 

Also, as in |BL| §2(b)], it follows from finite dimensional Hodge theory that 
for any b G B, there is an isomorphism H(E,v)b ~ ker((t; + v*)^)- Thus, there 
is a smooth Z-graded sub-bundle ker(w + v*) of E whose fiber over b G B is 
ker((f + v *)b), and 

(2.10) H(E, v) ~ ker(u + v*). 

As a sub-bundle of E, ker(v+v*) inherits a Hermitian metric from the Hermitian 
metric h E on E. Let h H ( E ' v ^ denote the Hermitian metric on H(E, v) obtained 
via (I2~TU1) . 

Let p ker ( v + v ) be the orthogonal projection from E onto kei(v+v*), it clearly 
preserves the Z-grading. Then by BL ( Proposition 2.6], one knows that 

(2.11) pker(v+v*)^E p kcr(v+v*) _ yH(E,v) ^ 

p ke < v+v *) U ;(E,h E )p ] " eT ( v+v ^ = co(H(E,v),h H ^ E ^), 

ker(v+v*)-^jE,e ker(v+v*) _ ^jH(E,v),e 



2.2 Twisted signature operators and their deformations 

We assume in the rest of this section that p = dim B is odd and B is oriented. 

Let g TB be a Riemannian metric on TB. For X G TB, let c(X), c(X) be 
the Clifford actions on A(T*B) defined by c(X) = X* - i x , c(X) = X* + i x , 
where X* G T*B corresponds to X via g TB (cf. BL, (3.18)] and jBZl §4(d)]). 
Then for any X, Y G TB, 

(2.12) c(X)c(Y) + c(y)c(X) = -2(X, Y), 
c(X)c(Y) + c(Y)c(X)=2(X,Y), 
c(X)c(Y) +c{Y)c(X) = 0. 

Let (local) oriented orthonormal basis of TB. Let Nb be 

the number operator on A(T*B). Set 

(2.13) T = (V^) Eh ¥ 1 (-l) NB+p Z(ei)---c(e p ) = (v^T)^^) • • • c(e p ). 
Then t is a well-defined self- adjoint element such that 

(2.14) r 2 = Id| A(T , B) . 

Let fi be a Hermitian vector bundle on carrying with a Hermitian connec- 
tion V M with the curvature denoted by R 11 = V^ 4 ' 2 . Let \7 TB be the Levi-Civita 
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connection on (TB,g TB ) with its curvature R TB . Let \7 A ( T * B } be the Hermi- 
tian connection on A(T*B) canonically induced from V TB . Let V A ( T * B )®^® E 
be the tensor product connection on A(T*B) <3 fi® E given by 

(2.15) 

V A(T*B) W = V A(T*B) ^ + IdA(r . B) VAt We + H A(T , B)0M ® V S . 

Let the Clifford actions c, c extend to actions on A(T*B) (8 ji (8 E by acting 
as identity on jjl (8 E. Let e be the induced Z2-grading operator on E, i.e., 
e = (— 1)^ on E. We extend e to an action on A{T*B) ® // <8 I? by acting as 
identity on A(T*B) (8 

Definition 2.1. Let D^® E be the (twisted) signature operator defined by 

/> 

(2.16) Dg B = er c{ei)V^ T ' B ^ E : C°°(B, A cvcn (T*5) ® p ® £) 
i=i 

-► C°° (5, A cvcn (T*B) (8) /x <8) £7). 

One verifies that D^® E is a formally self-adjoint first order elliptic differen- 
tial operator. 

Let f , f* extend to actions on A even (T*£?) ® /x <g> E 1 by acting as identity on 
A(T*B) (g> ii. For any u > 0, set 

(2-17) flg; = -Dff* + ^(t; + 0- 

Remark 2.2. can be thought of as obtained from a (signature) quanti- 

zation of C u . Indeed, if B is spin, then one can consider the twisted Dirac 
operators instead of signature operators. 

Let Y u be the skew-adjoint element in End(A cvcn (T*5) ®/j,®E) defined by 

(2.18) y « = f E c ( e *V(£, h E )(e % ) + - v). 

i=l 

Definition 2.3. For any r G R and u > 0, let D^ E (r) be the operator defined 
by 

(2.19) Dgf (r) = Dgf + v^lri; : C°°(£, A cvcn (T*£?) <8 /* <8 £) 

C^^A^CTS)®/^ E). 

Clearly, D^® E (r) is still elliptic and formally self-adjoint. 
For any X £ TB, set 

(2.20) c(X) = erc(X). 
Then one verifies that for any 1,7 6 TB, 

(2.21) c(X)c(Y) +c(Y)c(X) = -2{X,Y). 
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From l|27[B|) - (l2~20|l . one deduces that 



(2.22) <f (r) = ^cfc) (Vr^*^^ + 



-lr 



Lu(E,h E )(ei) 



-lr> + (1 + \/^lr>*). 



Remark 2.4. One verifies that c(X), X £ Tl?, anti-commutes with elements 
m End odd (£). Thus, we see that we are in a situation closely related to what 
considered in |BC| §2(a)]. 

2.3 A computation of adiabatic limits of ^-invariants 

Let v(DsS!u ( r )') ^ e ^ ne reduced ^-invariant in the sense of Atiyah-Patodi- 
Singer APSl ,. More precisely, for s G C,Re(s) > p, set 

(2.23) 



r(f) 



s-1 

t~ Tr 



Then rj(D^ E (r))(s) extends to a meromorphic function of s G C and is holo- 
morphic at s = 0. Set 



(2.24) 



1 



mS,u(r)) = ~ ^(<,:(0)(0) +dimker( J Dg i :(r)) 
By |BC1 Theorem 2.7], one knows that for any u > 0, 



(2.25) ^gf(0)=^ s ir( r )) mod Z ' 



where D^® E (r) is the notation for -D^g„ =0 ( r ) f° r brevity. 

We fix a square root of \/ — 1 and let c/? : A(T*B) —* A(T*B) be the homo- 
morphism defined by </? : u G A l (T*B) — > (2ityJ — l)~ % l 2 uj. The formulas in what 
follows will not depend on the choice of the square root of \f— T. 
Let r/r be the 77-form of Bismut-Cheeger |BC| (2.26)] defined by 



(2.26) 

Vr = 



2vrV^T 



oo 

r / Tr s 





((1 



Tr)v + (1 + V— lr)?;*) e 



-(CV+v^TrLV) 2 



du 



where Tr s is the supertrace on E in the sense of Quillen [Q] with respect to the 
Z2-grading induced by (—1)^. 

Remark 2.5. Since ker(t; + v*) forms a vector bundle over B and 
(2.27) ((1 - y/^lr)v + (1 + V^lr)v*) 2 = (1 + r 2 )(w + v*) 2 , 

by (BUI Lemma 2.1] and [BTTVl §9.1], r) r in (t2~2~6l is well-defined. 



7 



Now for any r 6 R, let D^® H ^ E ' v \r) be the deformed twisted signature 
operator denned by replacing (E,v,V E ,h E ) by (H(E, v), 0, V H ( E > V ) , h H(E '^). 
That is, 

(2.28) 

D »®H(E, v){r) = jy {ei) ^p-B).^,,) + vE5: w(fl r (£ . |t;)) ^,«.) )(Bi) ^ . 

Theorem 2.6. For any r£R, the following identity holds, 

(2.29) v{D^ E {r))^(D^ H ^\r)) modZ. 
Proof. By (t2~23|) . (|2~2H|) is equivalent to 

(2.30) lim v(D^(r))^rj(D^ E > v \r)) modZ. 

Now by Q2.27JI and by proceeding as in |BC1 Theorem 2.28], one knows that 
when v + v* is invertible, i.e., when H(E,v) = {0}, one has 

(2.31) lim ^gf(r))^ / L(T£, V TB )ch(/,, V)^, 
where L(TB, V TB ) is the Hirzebruch characteristic form defined by 

L<™,V™)=^.(_|^), 

while ch(/n, V^) is the Chern character form defined by 

ch(//, V M ) = i^Tr [exp(-i?^)] . 

While in the general case where ker(t> + v*) forms a vector bundle over B, 
one can generalize the arguments in |BC1 Theorem 2.28] to show that when 
mod Z, 



(2.32) JtoftDffi(T))=lj(Dg B l E > v \r))+[ L(TB, V TB )ch(», 

Remark 2.7. Indeed, see |B11 Theorem 2.39] for a very simple proof of (|2.32|) . 
Lemma 2.8. For any r eR, rj r is exact. Moreover, 

(2.33) rfr=o = 0. 

Proof. Prom Q2.6j) . one verifies directly that for any r G R, 

(2.34) (C u + ^lrD u ) 2 = (1 + r 2 )C 2 u = -(1 + r 2 )D 2 u . 
By (|12J), 

(2-35) J- {v + v *) = ± [N , Du]i J_ (v*-v) = —[N,C v ], 

2y/U u l\Ju u 
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from which one gets that for any r 6 R and u > 0, 



(2.36) 



4^ 



Tr, 



((1 - V^lr)v + (1 + ^lr)v*) e -(Cu+V=lrD u )- 
-1 



2u 



: Tr, 



\/—lr 



2u 



-dTr, 



From (|2,26|) and (|2.36|) . one sees that fj r is an exact form. In particular, by 
setting r = in (l2~3El) and by (l2~2ffl) . one gets (EHHl) . □ 

Combining Lemma 12.81 with (|2.32|) , one gets (|2.30f) , which completes the 
proof of Theorem 12.61 □ 



Remark 2.9. The transgression formula ([2.36ft suggests that it is possible to 
transgress the r/-form rj r through torsion like forms of the same nature as those 
of Bismut-Lott |BL1 Definition 3.22]. This will be dealt with in more detail in 
Section 12.71 



2.4 Cheeger-Chern-Simons characters and ^-invariants 

We first recall the definition of the mod Q Cheeger-Chern-Simons character 
for flat vector bundles. 

Let W be a complex vector bundle over B. Let Vq^, be two connections 
on W. Let Wt, < t < 1, be a smooth path of connections on W connecting 
and Vf . Let C5(V^ 5 Vf ) be the differential form defined by 



(2.37) C5(V^,Vj 



1 



2tta 



Then 



(2.38) 



dCS(V^, Vf) = ch(W, Vr ) - ch(T^, V M 



I ,i 
V / Tr 
JO 



dt 



exp(-(V 



W\2\ 



dt. 



7 W^ 



Moreover, up to exact forms, CS(Vq , Vi ) does not depend on the path of 
connections on W connecting Vq^ and . 

Remark 2.10. If — > E° — > E 1 — > E 2 — » is a short exact sequence of flat vector 
bundles as in (J2HJ), let CS^V 50 ' 6 , V s * ' e , V B2 ' e ) be the Chern-Simons class as 
in [El (10)], then by Lemma l2.8l and the characterization of the form rj (cf. |B21 
Theorem 2.10] and BuMa, Lemma 3.16]), we know that in Q odd (M) /Im(d) , 



(2.39) 



CS(V E °' e , V El ' e , V £2 ' e ) = rfr=o = 0. 



Now let (F,'V F ) be a complex flat vector bundle over B. Then there is a 
positive integer q such that qF, the direct sum of q copies of F, is topologically 
trivial. Let Vq be a trivial connection on qF which can be determined by 
choosing a global basis of qF. Let qV F be the natural flat connection on qF 
obtained from the direct sum of q copies of V^. 
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By (|2.38|) . one sees that CS(V q F ,qV F ) is a closed form on B. Moreover, by 
proceeding as in [EJ Lemma 1], one shows that -CS(Vq F , qV F ) determines a 

cohomology class in H odd (B, C/Q) not depending on the choice of q and Vg^. 

Definition 2.11. We define the mod Q Cheeger-Chern-Simons of (F,V F ) to 
be 



(2.40) CCS(F, V J 



-CS(vf,qV F ) 

q 



e H odd {B, C/Q). 



By O Proposition 2.9], up to rk(F), CCS(F, V F ) is exactly ch(F, V F ) G 
# odd (5,C/Q) defined in [El (2.19), Theorem 2.3]. 

Let h F be a Hermitian metric on F. Let lu(F, h F ) be given similarly as in 
(|2.4|) . and let V F,e be the associated Hermitian connection on i* 1 given similarly 
as in (|2.7[) . Let qV F ' e be the connection on obtained from the direct sum of 
q copies of V F ' e . Then, one verifies directly that 

(2.41) CCS(F, V F ) = ^CS{Vf, qV F ' e ) + ^CS(qV F ' e , qV F ) 

= -CS(V q F ,qV F ' e ) + CS(V F ' e ,V F ). 

q 

Following BL ( (0.2)], for any integer j > 0, let C2j+i(F, h F ) be the Chern form 
defined by 

(2.42) c 2j+ i(F, h F ) = (2vr v / ^T)^2- (2i+1) Tr [cu 2j+1 (F, h F )] . 

Let C2j+i(F) be the associated cohomology class in H 2 i +1 (B, R), which does 
not depend on the choice of h F . The following identity has been proved in [BL1 
Proposition 1.14], 

+oo 2 j -| 

(2.43) —CS(y F *V F ) = lm(CCS(F,V F )) = -— ^ -^-^_c 2j+1 (F). 



Consequently, 



(2.44) Re(CCS(F,V F )) = -CS(Vf,qV F ' e ) in H odd (B, C/Q). 

We now come to consider the 77-invariants mentioned in the title of this 
subsection. 

Recall that B is compact oriented, carrying with a Riemannian metric g TB 
and that p = dimB is odd. Recall also that [i is a Hermitian vector bundle 
over B carrying with a Hermitian connection V\ 

We apply the constructions in the Sections 12. 1112. 31 to the trivial flat cochain 



complex (F, 0, V F ). Thus, let D^ F be the twisted signature operator defined 
as in (t2~T7| . 

Let /iq be a Hermitian connection on qF such that X7q F is a Hermitian 
connection with respect to h,Q F . 
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It is easy to see that one can construct a smooth pass of Hermitian metrics 
connecting qh F and h^ F , as well as a smooth pass of Hermitian connections 
connecting qV F,e and Vq F . 

Then by the standard variation formula for reduced 77-invariants (cf. ^PSl 
and jBFl Theorem 2.10]), 

(2.45) 

q rj(D^ F )-qvk(F)rj(D^) = [ L(TB,V TB )ch(^)CS(vf, q V F ^ mod Z. 

J B 

From (E21J) and (|2~15)) . one gets 

(2.46) rj(D»® F ) - rk(F)rj(D» s ) = f L(TB)ch((j,)Re(CCS(F, V F )) mod Q. 

J B 

For any r G R, let V F,e ^ denote the Hermitian connection on F defined 

by 

(2.47) V F ' e 'M = V F ' e + ^^uj(F, h F ). 

For any integer j > and r G R, let a,j(r) S R be defined as 

(2.48) aj(r)= [ {l + u 2 r 2 ) j du. 

Jo 

Lemma 2.12. The following identity in H odd (B,~R) holds, 

+ 00 , v 

(2.49) cs<? F *v F «U) = -fE^r c ^( f )' 

^ j=o J - 

Proof. Formula Q2.49JI follows from (|2.37|) . ()2.42j) and a direct computation in 
considering the smooth pass of connections (1 — u)X7 F ' e + u\7 F,e '^ r \ < u < 
1. □ 

Remark 2.13. By comparing (|2.43|l and (|2.49|) . we see that up to rescaling, 
one can recover the imaginary part of the Cheeger-Chern-Simons character 
CCS(F, X7 F ) through (deformed) Hermitian connections. 

From (|2.22|) . (|2.25[) . Q2.49JI and the standard variation formula for reduced 
^-invariants, one finds that for any r G R, 

(2.50) 

fj(D^ F (r))-fj(D^ F )= I L(TB,V TB )ch(p,V»)CS(V F > e ,V F > e ^) mod Z 

J B 



n + °0 / \ 

-S- / L(TB)ch^)J2^P-c 2j+1 (F). 
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2.5 Flat cochain complex and the Cheeger-Chern-Simons character 

We make the same assumptions and use the same notation as in Sections 
l2~Tll2~31 Thus, (E, v, V E ) is a Z-graded flat cochain complex over B, etc. 

Let CCS{E,V E ) denote the C/Q Cheeger-Chern-Simons character defined 

by 

n 

(2.51) CCS(E,V E ) = Y,(-iyCCS(E\V El ) in H odd (B, C/Q). 

i=0 

The imaginary part of the following result has been proved by Bismut-Lott 
[BO Theorem 2.19]. 

Theorem 2.14. The following identity holds in H odd (B, C/Q), 

(2.52) CCS(E, V E ) = CCS(H(E, v), V H ^ E ^). 
Proof. By Theorem 12.61 we know that for any r £ R, 

(2-53) ??(< £ (r))-rj(Z^ mod Z. 

From (|2~50|) and (|2~5Ti|) . one finds 

(2.54) f / L(TB)ch(^^^2(-iy C2j+1 (E*) 
Z7TJb j=o J - i=l 

/ L(TS)ch(/x)^^p^(-l) i c 2i+1 (^(£:, U )) modZ. 
j=0 J " i=l 



r 

2^ 



j 

By taking derivative with respect to r at r = 0, one gets that 



„ +oo ^ n 

(2.55) / L(T J B)ch( M )^-^(-l) i c 2j+1 (^) 
• / - B j=o • ? ' i=l 

« -f-CXj - 

= / L(rS)ch(/,)^-^(-l) i c 2i+1 (H i ( J B^)). 
1/5 j=0 "'' i=l 

Since (|2.55|) holds for any complex vector bundle [i over B, while L(T£?)ch(-) : 
K(B) (8) Q — > H even (B, Q) is an isomorphism, from (|2.55j) and a simple degree 
counting, one deduces that for any integer j > 0, 

n n 

(2.56) ^(-l)V 2i+1 (^) = ^(-l) J C2i+1 (F'( J E;,,;)) in ^' +1 (5,R). 

i=l i=l 

From (J233J), (f23TTl and (f23fi|) . one gets 

(2.57) Im(CCS(E, V s )) = lm(CCS(H(E, v),V H{E ' v) )), 

which was first proved in |BLl Theorem 2.19] by using a direct transgression 
method. 



+00 1 n 
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Now by applying (|2.46l) to each E l as well as each H l (E, v ), < i < n, and 
by Theorem 12.61 one finds that 

(2.58) 

/ L(TB)di(n)Re(CCS(E,V E )) = [ L(TB)ch(n)Re(CCS(H(E,v),V H{E ' v ' ) )) mod Q. 
Jb Jb 

By using the fact that L(TB)ch(-) : K(B)®Q -> H cven (B, Q) is an isomorphism 
again, one deduces from (|2.58f) the following identity in H odd (B, R/Q), 

(2.59) Re{CCS{E,V E )) = Re(CCS{H(E,v),V H(E < v) )). 

From (12371) and (l233|) . one gets (12321) . □ 

2.6 A refinement in -K^y z (-B) 

In the discussions in the previous subsections, we have only assumed that B 
is oriented, and this is why we have used the twisted signature operators. If B 
is spin c or even spin, then we can well use the twisted Dirac operators instead. 
In particular, this will enable us to apply the constructions in the R/Z-index 
theory developed by Lott [L] to the current situation, where the 77-form (at 
r = 0) vanishes tautologically. 

In fact, in the language of [Lj, one easily sees that 

n 

(£,v^o) = ^(-iy(^v B! ' e ,o) 



8=1 



is an element in K^ Z (B). 

Theorem 2.15. The following identity holds in K^, Z (B), 

(2.60) (E, V E ' e , 0) = (H(E, v),V H ^ E ' v ^ e ,0). 

Proof. Clearly, ()2.60|) is a refinement of the real part of (|2.52|) . It is also a direct 
consequence of [13 Def. 6] and E,emark l2.1()l In fact, let F % = Im(ugi-i), G l = 
Ker(f^i), then F l ,G r are flat vector bundles on B with Hermitian metrics 
induced by h E . Now we have short exact sequences of flat vector bundles: 
F i -> G i -» H l (E,v) -» 0, -» G i -> W -> F i+1 0. Then by Def. 
6] and Remark EBB in K^ /Z (B), 

(G\V Gi ' e ,0) = (F\V Fl > e ,0) + (H l (E,v), V Hl ( £ ^' e ,0), 
(E\V El ' e ,0) = (G\V GV ,0) + (F i+1 ,V Gl+1 ' e ,0). 

Thus we get ([23D1. □ 



13 



2.7 Torsion forms and a transgression formula for rj r 

As in [En (2.39)], we denote 

n n 

(2.61) d(E) = ^(-l)Srk(^) ; d(H(E,v)) = £(-!)<» «)). 



i=0 



i=0 



By ()2.34j) and by |BL1 Theorem 2.13 and Proposition 2.18], one has that as 

u — > +oo, 



(2.62) 



Tr, 



d(H(E,v)) + 



1 



and that when u — > + , 



(2.63) 



Tr, 



JY e -(C»+V=Tr£>„) 2 



d(E) + 0(u). 



The following definition is closely related to BL, Definition 2.20]. 
Definition 2.16. For any r £ R, put 



(2.64) J r 



2u' 



— (d(E) — d(H(E,v)))e~ u ^' 
Theorem 2.17. For any r S R, i/ie following transgression formula holds, 
(2.65) ^ r 
Proof. Formula (t2~65l follows from (t2~26j) . (t2~36j) . (J2j2j)-(j2jll). □ 



Let Tf(A',h E ) be the torsion form constructed in |BL| Definition 2.20] as- 
sociated to the odd holomorphic function f(z) such that f'(z) = e* 2 , that is, 



(2.66) T f {A',h 



d(H(E,v)) 



-(d(E)-d(H(E,v)))e-^)^-. 



Theorem 2.18. T/ie following identity holds, 



(2.67) 

In particular, 
(2.68) 



9r 



Tf(A', h E ). 



r=0 



9%. 
<9r 



-j-dT f (A',h E ). 



r=0 
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Proof. Formula (|2.67f) follows from (|2.64[) and |BL1 Definition 2.20]. Formula 
(tTKHl) follows from (tTKBl and (f2~B71). □ 

Combining (|2,64|) . (|2.65jl with the Bismut-Lott transgression formula BL ( 
Theorem 2.22], one gets 



2 -») ^e^^e^w^)^-') 



j=0 



i=l 



Corollary 2.19. For any r G R, t/ie following identity holds, 

+oo 

2/ 

(l +r 2)i£(_l 

1=1 

In particular, 



r 

2^ 



E^E^ffW^). 



i=o 



(2.70) f 



1 



i-oo ^ n 



r=0 



^ 7'! ^ 2? 

=0 J i=l J 



i=o J i=l J ^ 



Remark 2.20. In view of Theorems 12 . 1 71 and 12 . 181 a direct computation of (|2.69p 
or (|2,70|) will lead to an alternate proof of the Bismut-Lott transgression formula 
BL, Theorem 2.22]. 



2.8 More on r\ and torsion forms 

On B x R x R^, let C + yf^lrD be the operator defined by 

d d 

(2.71) (C + V-LrD) Bx{r}x {u} = C u + ^lrD u + dr— + du 



Then Tr, 



exp (-(C + y/-LrD)' 



dr du 
is closed on B x R x R*. moreover 



(2.72) (C + V^lrD) 2 = (C u + V^lrD u f 







+ du—(C u + V^lrD u ) + V^ldrD u . 
ou 

By Volterra expansion |BGV1 §2.4], we get 

(2.73) Tr s [exp (-(C + V^lrD) 2 ^ = Tr s [exp {-{C u + V^lrD u ) 2 )] 
- duTr s ^-(C u + V^lrD u ) exp (-{C u + V^lrD u ) 2 ) 
- drTr s [V^1D U exp (-(C u + ^lrD u ) 2 )] 



+ / dsTi s 







du— (C u + V-LrD u ) exp (-s(C u + V^lrD u ) 2 ) 



-ldrD u exp (-(1 - s){C u + ^rL» u ) 2 ) 
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Applying the total differentiation <i BxRxR + on B x R x R+ to (J2773J), after 
comparing the coefficients of dudr, and using the fact that D u commutes with 
exp (-s(C u + y/^lrDu) 2 ), we get 



(2.74) |-TV S 







^-{C u + V-LrD u ) exp (-(C„ + ^rA,) 2 ) 
J^TV, [v^IAexp {-{C u + V^lrD u ) 2 )} 



-Id TV, 



<9u 



(C u + V-trD u )D u exp (-(C„ + A,) 2 ) 



Now by KZIgSD , 



(2.75) Tr s 



— (C u + v^rl^) V=LD U exp (-(C„ + V^TrDj 2 ) 



2?/. 



-Tr s [([jV Z) + [N Z , V^lrC u ])D u exp (-(<?„ + V^lrD u ) 2 )] 



2u 



-Tr s [2iV ZJ D 2 exp (-(C u + >/=IrZ> u ) 2 )] 



—dTi s [N z rD u exp (-{C u + ^lrD u ) 2 )] 



From lf236l> and (|2773|l - 1^775} . one deduces that 
(2.76) 

A^ (1+r2)C * 



|-dTV 
or 



rN 



2u 



— TV 

<9-u s 



By taking r = in (|2.76|) . one gets 
9 



(2.77) 



9u 



-TV. 



L> 2 



dTV, 



N 
2u 



(l + 2D 2 u )e 



-dTr s 

u 



ND 2 e-^ c " 



which is exactly jBL[ (2.32)] (compare also with jBLj (3.103)-(3.105)]). 

Remark 2.21. Formula ()2.77|) plays an essential role in jBLj in the construction 
of analytic torsion form. While it can be proved directly as in |BL| . here we 
obtain it through purely considerations of ry-forms. This suggests that there 
should be a deep relationship between r\ and torsion invariants as well as forms. 

We now come back to ()2.36|) . We take derivative with respect to r in it, and 
then take r = 0. What we get is 



(2.78) 



1 



=TV, 



4^ 

Together with (|2.9|) . we get 



(v* — v)e 



Df 



—dTr s 
2u 



Ne 



D- 



(2.79) 



Tr, 



dD u D 2 
du 



—dTr, 
2u 



Ne D " 
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It is interesting to compare (|2.77f) and Q2.79JI . In particular, we can rewrite 
(t2~?9l as 



(2.80) 



d_ 

du 



/ Tr , 



D u e 



du = — dTr s 
2u 



Ne 



D 2 



By (j2~H2l . fHZty . (jZBgl) and (|2~£0l . one can give a direct proof of (f2~7Tl . As 

was pointed out in Remark |2,2Ul this would also lead to a proof of |BH Theorem 
2.22]. A comparison like this in the fibration case would be more interesting. 



3 Sub-signature operators and a Riemann-Roch formula 

In this section, we deal with the fibration case. We will give a new proof of the 
imaginary part of Theorem 1.1, which is a Riemann-Roch-Grothendieck formula 
due to Bismut-Lott |BLj . by computing the adiabatic limits of rj invariants of 
deformed sub-signature operators. We will also prove the real part of Theorem 
1.1, in its full generality, by using the same method. Moreover, we will give a 
natural derivation of the Bismut-Lott analytic torsion form |BL| through the 
transgression of rj forms appearing in the adiabatic limit computations. 

This Section is organized as follows. In Section fH.il we recall the construc- 
tion of the Bismut-Lott superconnection introduced in |BLj . In Section 13.21 
we define the sub-signature operator as in |Zlj . as well as a deformation of 
this operator. In Section 13.31 we state the Lichnerowicz type formula for the 
deformed sub-signature operator. In Section 13.41 we state the main technical 
result of this section, Theorem 13. 91 on the adiabatic limit of the r\ invariants for 
the deformed sub-signature operators, which will be proved in Sections 13.51 and 
13.61 In Section [3.71 we prove Bismut-Lott's formula Q1.2[) through r\ invariants. 
In Section we prove (|1,3|) by using Theorem l3.91 In Section we discuss 
in details the relation of our results with Lott's R/Z index theory [Ej. In Sec- 
tion 12^21 we w iH construct the Bismut-Lott analytic torsion form through the 
transgression of rj forms, which is one of the main points of view of this paper. 

3.1 The Bismut-Lott Superconnection 

Let 7r : M — > B be a smooth fiber bundle with compact fiber Z of dimension 
n. We denote by m = dimM, p = dim£>. Let TZ be the vertical tangent 
bundle of the fiber bundle, and let T*Z be its dual bundle. Let F be a flat 
complex vector bundle on M and let denote its flat connection. 

Let TM = T H M © TZ be a splitting of TM. Let P TZ , P T " M denote the 
projection from TM to TZ, T H M. If U G TB, let U H be the lift of U in T H M, 
so that ir*U H = U. 

Let E = (&™ = qE 1 be the smooth infinite-dimensional Z-graded vector bundle 
over B whose fiber over b G B is C°°(Z b , (A(T*Z) ® F)\ Zb ). That is 

(3.1) C°°(B, E 1 ) = C°°(M, A i (T*Z) © F). 
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Definition 3.1. For s G C°°(B, E) and U a vector field on B, then the Lie dif- 
ferential Ljjh acts on C°°(B, E). Let V E be a Z-grading preserving connection 
on E defined by 

(3.2) V§s = L v hs. 
If Ui,U2 are vector fields on B, put 

(3.3) T(U U U 2 ) = -P TZ [U?, U?] G C°°(M,TZ). 

We denote by ir G Q 2 (B, Hom(£", £" -1 )) the 2-form on 5 which, to vector 
fields Ui, TJi on £>, assigns the operation of interior multiplication by T(U±, U%) 
on E. 

Let d z be the exterior differentiation along fibers. We consider d to be 
an element of C°°(B ,ILom(E' , E' +1 )). The exterior differentiation operator 
d M , acting on Vt(M,F) = C°°(M,A(T*M) ® F), has degree 1 and satisfies 
(d M f = 0. By jBLl Proposition 3.4], we have 

(3.4) d M = d z + V E + i T . 

So d is a flat superconnection of total degree 1 on E. We have 

(3.5) (d z ) 2 = 0, [V E ,d z }=0. 

Let g TZ be a metric on TZ. Let /i F be a Hermitian metric on i*\ Let V^* 
be the adjoint of with respect to h F . Let co(F, h F ) and V F,e be the 1-form 
on M and the connection on F defined as in (|2.2|) . I|2.7|) . 

Let o(TZ) be the orientation bundle of TZ, a flat real line bundle on M. Let 
dv z be the Riemannian volume form on fibers Z associated to the metric g TZ 
(Here dvz is viewed as a section of A dimZ (T*Z) ®o(TZ)). Let ( , )\<t*z)®F ^ e 
the metric on A(T*Z) (g) i* 1 induced by <? T ^, /i^. Then i£ acquires a Hermitian 
metric /i £ such that for a, a' G C°°(B, E) and 6 G B, 

(3-6) (a, a') feS (6) = (a, a') A{T * z)(g)F dv Zb - 

Let V E *, d z *, (d M )*, (i T )* be the formal adjoints of V E , d z , d M , i T with 
respect to the scalar product ( , ) hE - Set 

(3.7) D z = d z + d z *, V E ' e = \{^ E + V E *), 
u(E, h E ) = V E * - V E . 

Let Nz be the number operator of E, i.e. Nz acts by multiplication by k 
on C°°(M,A k (T*Z)®F). For u > 0, set 

(3.8) C' u = u N zl 2 d M u- N z' 2 , C'^ = u- N zl 2 {d M yu N z/ 2 , 
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Then C" is the adjoint of C' u with respect to h E . Mor cover, C u is a supercon- 
nection on E and D u is an odd element of Q(B, End(-E)), and 

(3.9) C 2 u = -Dl [C u ,D u ] = 0. 

Let gf be a Riemannian metric on TB. Then g™ = g TZ © 7r*(/ 
is a metric on TM. Let V™ , X7 TB denote the corresponding Levi-Civita 
connections on TM,TB. Put X7 TZ = p TZ \/™ ; a connection on TZ. As 
shown in |B11 Theorem 1.9], V TZ is independent of the choice of g TB . Then 
°V = V TZ © tt*V tb is also a connection on TM. Let 5 = V™ - °V. By 
|B1| Theorem 1.9], (S(-)-, •) q tm is a tensor independent of g TB . Moreover, for 
U U U 2 G T5, 1,7 £ TZ, 



(3.10) (S(U^)X,U^) nTM = - (S(U?)U^,X) 



9™ 



= (S(X)U^,Uf) gTM = \ (T(U?,U B ),X) gTM , 
(S(X)Y,Uf) gTM = -(S(X)U 1 H ,Y) gTM = \(L v? g TZ ){X,Y), 

and all other terms are zero. 

Let {fa} v a= \ be an orthonormal basis of TB, set {f a } p a= i the dual basis of 
T*B. In the following, it's convenient to identify f a with f£f. Let {ej}" =1 be 
an orthonormal basis of (TZ, g TZ ). We define a horizontal 1-form k on M by 

(3.11) k(f a ) = -J2(S(e i )e i ,f a ). 

i 

Set 

(3.12) c(T) = ^/ a A/c(T(/ ( 

C( T ) = * E ^ A MTUa, fp)) ■ 



2 

o,/3 



Let V A ( T * Z ) be the connection on A(T*Z) induced by V TZ . Let V TZ0i? ' e 
be the connection on A(T*Z) © T induced by V A ( T * Z \ V F ' e . Then by [HD 
(3.36), (3.37), (3.42)], 



(3.13) D z = Y^c{e 3 )V T e z ^ - \ £c( e >(F,//)( ei ), 

^* - d z = c( ej )Vl z ^ + \ Y, ciejMF, h F ){e 3 ), 

3 3 

u(E, ^) = E/ a (E ( S ^) e 3Ja) c(e 4 )c( ej ) + lo(F, h F )(f a )) . 
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By jBLl Proposition 3.9], wc get 



(3.14) C u = ^D z + V E ' e - ^=c(T), 

D u = ^{d Z * - d z ) + \u{E, h E ) - ^j=c(T). 

2 2 l\JU 

Let H'(Z,F\ Z ) = ®™ =0 H i (Z,F\z) be the Z-graded vector bundle over B 
whose fiber over b G B is the cohomology H(Zb, F\ Zb ) °f the sheaf of locally 
flat sections of F on Z\>. By |BLl §3(f)], the flat superconnection d M induces 
a canonical flat connection \7 H ( Z ' F \z) on H'(Z, F\z) which preserves the Z- 
grading and which does not depend on the choice of T M. 

By Hodge theory, there is an isomorphism H'(Zb, F\ Zh ) — Kei(D Zb ). Then 
there is an isomorphism of smooth Z-graded vector bundles on B 

(3.15) H'(Z, F\ z ) ~ Kei(D z ). 

Clearly Kei(D z ) inherits a metric from the scalar product ( , ) h E- Let h H ^ z,p][Z ' 
be the corresponding metric on H*{Z, F\z). 

Let P be the orthogonal projection operator from E on Kei(D z ) with 
respect to the Hermitian product (|3.6j) . Let (y H ( z < F \z)y be the adjoint of 
^h(z,f\z) w j^h respect to the Hermitian metric h H ^ z,F)[Z \ 

The following result is established in |BL| Proposition 3.14]. 

Proposition 3.2. The following identities hold: 

(3.16) V H(Z,F\ Z ) = p V £ ^ v H(Z,F\ z )y = p V E^ 

lj (H{Z, F\ z ), = Pu(E, h E )P. 

3.2 The sub-signature operator on a fibered manifold 

We assume that TB is oriented. 

Let (ji, h^) be a Hermitian complex vector bundle over B carrying with a 
Hermitian connection V 1 . 

Let Nb, Nm be the number operators on A(T*B), A(T*M), i.e. they act as 
multiplication by k on A k (T*B),A k (T*M) respectively. Then N M = N B + N Z - 

Let V A ( T M ^ be the connection on A(T*M) canonically induced from V™. 
Let v A ( T * M )® 7r *^® F (resp. v A ( T * M ^ 7r *^ 0F ' e ) be the tensor product connection 
on A(T*M) (g) 7r*/i (8> F induced by V A ( T * M \ and V F (resp. V F ' e ). 

Let {ea}^]^ be an orthonormal basis of TM, and its dual basis {e a }™ =l . 
Let {f a }a=i be an oriented orthonormal basis of TB. Set 



(3.17) 



r(TB) = (, 

r(TB) = (, 
r = (-1) Nz t(TB). 



1) 2 4fl 



i) 2 4fi 
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Then the operators t(TB),t(TB),t act naturally on A(T*M), and 

(3.18) ?(TB) 2 = (-l) p , t(TB) 2 = t 2 = 1, 

r = (-1)P(-1) Nm ?(TB) = ?(TB)(-1) Nm . 

Let d v " : Q a (M, ix*n <g> F) -> o+1 (M, vr> ® F) be the unique extension of 
\7 fJ/ ,\7 F which satisfies the Leibniz rule. Let be the adjoint of (i VM with 
respect to the scalar product ( , Wm^^-P) on ^(-^i 71 "*^ <8> i 7 ) induced by 
g™,W,h F as in (J2SJ). As in [BZl (4.26), (4.27)], we have 

(3.19) d VM = ^ e a A v^ T * M )^*^ F , 

a 

(f VM * = - J2^a A (v£(t*m)^w + ^)(e a )) . 

a 

For r G R, we introduce the following operators as in [ZTI (1.12)] and {2339, 

(3.20) D£*> F = \ [r(d vfl + d VM *) + (-iy +1 (d vfl + d VM >] , 
D^ F = ~ [r(d v "* -d v ") + (-l)P +1 (d^* - d v ")r] , 

sig v / sig ~r V J-' -^sig 

Let (L>J M ® F )*, (5g^ F r be the formal adjoint of £>£"® F , ££"® F with 
respect to ( , ) n(M ^ >0F) . Then 

(3.21) tDQ* f = (-iy +1 D^® F r, tD^® F = (-1)p +1 D^® F t, 

sig ) — \ L ) ^sig ' V sig ) — \ L ) ^sig 

Remark 3.3. If \i = C, then Z}^ is different from the sub-signature operator in 

[ZTj (1.12)] (cf. also Z2 ) by a factor ( v /3 T) p(p+1)/2 (-1) 7Vm . 

Assume now M = B,fi = F = C, then if p = dimS is odd, is exactly 

the odd Signature operator in |APS2I (2.1)], [H (1.38)], and D? g = 0; if p is 

even, then D? g = r(d + d*) and -D^ g = 0. 

Following |Zlj . we will rewrite D^J^ F , D^ ig ^® F by using the natural con- 
nections. Let V A ( T M ^ be the Hermitian connection on A(T*M) defined by (cf. 

EH (i.2i)]) 

(3.22) V^ A/) =V^ T * M) -i^c(P^5(A)/ a )c(/ a ), A G TM. 

Let V e be the tensor product connection on A(T*M) <8> it* [i® F induced by 
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V A(T*M) 5 n *y„ and yF.e^ For r e R get 

m i n 

(3.23) D*W = ^c(e a )V^ a - - £ c(e,),(F, ^)(e,), 

a=l i=l 
n m 

D^ F = -Y,c{e i )V% i + -Y^c(e a MF,h F )(e a ) 

i=l a=l 

\ c(T(f a ,f p ))c(f a )c(f p ), 

a,/3=l 

The following result extends |Zll Proposition 1.14]. 
Proposition 3.4. 

Proof. By 

(3.25) d^ + f = jr Ue a )Vtr M) ^^ F ' e ~ \c(e a MF, h F )(e a )) , 

a=l ^ ' 

d VM * - d^ = fj ^_c (ea)V ^ T * M )^*^ F ' e + ic(e a MF,//)( ea )) . 

Recall also the following equation was gotten in [ZTJ (1-24)] by direct compu- 
tations, 

(3.26) V A X {T * M) ?(TB) = -9{TB)j2c(P TZ S{X)fp)c(fp). 
By (MI), (f3~T7f) . 

(3.27) i(-l)^ 1 ^c( eo )rc(P^5(e )/^ 

a 

^(E^)^ 5 ^) - £3(/«)^ Z 5(/«)//j)) 



2 

r 



Now is a direct consequence of (|3~23|) - (j3~27|) . □ 

From (J323J), the operator D 7T * >1 ® F , D'**>*® F (r) are formally self-adjoint first 
order elliptic operators, and D' K *^ 1 ® F is a skew-adjoint first order differential 
operator. The operator D W *^ F is locally of Dirac type. By 1)3. 18J) . (|3.21|) and 

(3.28) T _D 7r *M®- F = ^_^-)P+l^)i"*M®^ T) t jjtt*^F _ f]\p+ljjn*iJ,<8>F T ^ 
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3.3 A Lichnerowicz type formula for D*?f® F (r) 

If B 6 End(TAf) is antisymmetric, then the action of B on A(T*M) as a 
derivation (cf. |BGV1 (1.26)]) is given by 

(3.29) E ^ Be a) e& A ^ = ^ E ^ Be ^ « e Me b ) ~ c(ei)c{e b )) . 

a,b a,b 

Let V T ^ M = p THM sj™ be the connection on T H M induced by V™. Let 
R™,R tHm ,R tz be the curvatures of V™, V T " M , V TZ respectively. Let K 
be the scalar curvature of (M,g™). Then 

v™ = v TH M e V TZ + S(-) - P THM S(-)P T " M . 

Set 

(3.30) « e = -^ E (R THM f a ,u)^U)c{M 

a,P=l 

1 n 1 

-I E <^,e J )c(e,)c(e,)-^( W (F,^)) 2 . 

Then by l|3.22|) , l|3.3U|) , the curvature of V e is given by 

1 m, 

(3.31) (V e ) 2 = - E (R™e a , e b ) c(e a )c(e b ) + R e + ir*R». 

a, 6=1 

Let V TM ® F > e uj(F, h F ) be the covariant derivative of u(F, h F ). Explicitly 
(3.32) 

V TM®F MFjh F ){eb) = (yWM)*F u{Fih F ))(ei) + I (u; (F, /^)) 2 (e a , e fe ). 
Let A e be the Bochner Laplacian 

m 

(3-33) ^ = E((VL) 2 -V^J. 

o=l 

The following result was proved in |Zll Theorem 1.1] base on a direct com- 
putation. 

Proposition 3.5. 

K 1 m 

(3.34) irW> 2 = -A e + — + - E c(e a )c(e 6 )(i? e + 7r*^)(e a , e 6 ) 

a,6=l 

1 n i n 

+ i e (" ( F ' ^) ( e *)) 2 + g E ( F ' ^)) 2 (*» e i) 

8=1 ij=l 
.. m ?i 

" ^ E [ E (F, h F ) (e t ) 

a=l j=l 

P 

+ J2c(f a )u (F, h F ) (P TZ S(e a )f a ) . 

a=l 
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Similarly, for D W *^ F ' 2 , [D W *^ F , D k *i j9F ], we have 
Proposition 3.6. 

n 1 n 

(3.35) fif I*™ = £ ((V^) 2 - %tm £ ) ^F(e,)(V e ) 2 ( ei ,e 



n 



i=l 



a,P=l 
n m 



+ 2 E %W/j)^c/ ^)-2EE^)^)(^ w,ew (^0)(«a) 



a,/3=l 



=1 a=l 

HI 



- 4 E ( w ( F ' ^) + 8 E c (eMe b ) (w (F, ^)) 2 (e a , e 6 ) 

a=l a,6=l 

1 P 

+ ie( E %T(f«,ff>)W*Wf>) 



m n / 1 \ 

[2r r*M®F = - £ £ c(e a )c( ei ) ( £ e + 7T*i^ + -a, (F, (ea, e, 

a=l i=l ^ ' 

- J> {F, h F ) (/a)V% + J X>(F fc*") (T(/ a , S P )WaWp) 



a=l 



a,/3=l 



5>(e a )[v^, ^ c{T{f a Jp))c{f a )c{f p ) 
a,P=l 



a=l 



Proof. Note that by (IT321 

(3.36) V™^ e W (F, h F ) (e b ) - (F, h F ) (e a ) 

= (V A ^ M ^ F ^(F,h F ))(e a ,e b ) = 0. 

Thus 

m m 

(3.37) Y, He a m a ,c(e b )u {F,h F ) (e b )] = -2 J> {F,h F ) (e a )V«„. 



a,b=l 



0=1 



By (E3UJ), Er=ic(e i )c(P TZ S(e J )/ a ) = -k{f a ), as in (ESB, we get 

m n 

(3.38) £ [c(e 4 )V^,c(e> (F, //) (e,)] = 2j> (F, (e.)V^. 

i,j=l i=l 

We have also 

(3.39) [cfe), c(T(/ a , fp)W a W P )] = 2 <T(/ Q , e*) %)%). 



From dS^Sj) , (l3~29l - (j33Tj) . (|336l - (l3~39l . and the curvature identity [BGV ( 
Proposition 1.26], we get (|3.35|) . □ 
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To conclude this subsection, we state the following formula, which is a con- 
sequence of (|3.22p and will be used in a later occasion. 



(3.40) 



V e ea ,c(T(f a ,fp))c(f a )c(f p ) 



3.4 The rj invariant for D^* g (r) 

In this Section, we assume that B is a closed oriented compact manifold and 
p = dim B is odd. 

By (pnnj) . £>2* M ® F (r) preserves the Z 2 -grading on fi(M, vr>®F) induced by 
(-1)^ . We denote by D*jg? F \r) the restriction of D*g® F \r) on ft even (M, ^*/x® 
F). Let rj(^sig^ F ( r )) denote the associated reduced r/-invariant in the sense 
of jAPSlj (cf. (|221I)). We wil1 omit tlie notion of F when F = C is the trivial 
complex line bundle carrying with the trivial metric and connection. 

Definition 3.7. Let cj)(M/B, /x, F, r) € R/Z be defined by 

(3.41) 4>{M/B, Ml F, r) = v(D^ F \r)) - rk(Jtyj(2?JJ(r)) mod Z. 

In particular, when (F, V F ,h F ) is unitary, 4>(M/B, /j, F, 0) G R/Z is the 
p- invariant associated to -D^*^, and F in the sense of |APS2| . |APS3| . 

Theorem 3.8. i) If n is odd, then fj(D^* g ^ F (r)) 6 R/Z does not depend on 

{g TB ,9 TZ , h»,V») andh F . 

ii) The number (f>(M/B, fx, F,r) does not depend on (g TB , g TZ , h^, V M ) and 
h F . ' 

For any e > 0, let D^* g ® F \r) be the operator obtained above by replacing 
g TB to -g TB ■ The following result is the main technical result of this paper, 
which generalizes jZ II Theorem 0.2]. 

Theorem 3.9. We have the following identities in R/Z, 

n 

(3.42) lim^(^(r)) =v(D^J (Z ' Flz \r)) = £(-l)M<f ^(r)). 
e ^ i=0 

By applying the previous constructions to the special case with M = B, one 
constructs a series of smooth invariants 4>(B, //, H l (Z; F\z),r), < i < n. They 
are the (generalized) p-invariants associated to twisted Signature operators on 
B. 

Corollary 3.10. i) The following identity holds in R/Z, 

n 

(3.43) 0(M/B,v,F,r) = ft, H l (Z; F\ z ), r) 

n 

- rk(F) //, iT(Z; C| z ), r). 

iij If n = dim Z is odd, then 

(3.44) ^f F (r))=^gf (Z ' F|z) (0) in R/Z. 
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3.5 A proof of Theorem 0HU 

Let g^ B ,gJ z , Tg M, hf , hsjVs (s G R) be a smooth family of the objects as 
in Section IXTl 

Then for the fibration tt : M=MxK^B=B xR, let 7Ti : M -> M, 
7Tb : 5 — > -B be the natural projections. We define T^M^f x { s } = TfM © R, 

<P%xW = 9 T s B © ^ m |bx{.} = h*l F \ Bx{ s } = hf. Clearly, W'b» = 
Vs + ds A is a Hermitian connection on (vr^/x, h n s^. 

We orient T.B as follow: if {fa} P a= \ is an oriented orthonormal basis of TB, 
then the orientation of TB is defined by f 1 A • • • A f p A (is. We denote by 

/p+i = m and 

(3.45) r = (-1) Nz t{TB). 

Now all the construction in Sections 13.21 13.31 work well for the fibration tt. 

Let Q±(M, (7T07Ti)*jU(8)7r*-F) be the ±1 eigenspaces of r in f2(M, (7ro7Ti)*^(g) 
vrJF). Then by (|3~2Tj) . (l3~27fl) . £(j OTl )*^i F ( r ) changes the Z 2 -grading induced 
by r. 

For any u > 0, let P u (x,y) be the smooth kernel of exp(-ii(L>( 7r07ri )* At(X>7r i F (r)) 2 ) 
with respect to the Riemannian volume form dv^(y). For xo € M, let dv T ^ 

be the Riemannian volume form on (T X(j M, g Tx o M ). For U G T XQ M, let Vj/ 
be the ordinary derivative in direction U. For y = (yi, • • • , y m +i) £ R m+1 , we 
identify y as X]!^ 1 Da^a as a vector in T XQ M, and set 

2 



(3.46) L X0 (r) = -(1 + r 2 ) £ ( V e , + ^ (<fy, e,) 

i=i ^ ' 

E (> + 1 /«)) - E /*) % 

11 ' ' a,f3=l 

4 E («f e *> e i> + r ' (< M ^> e i)) c(^)c( ei ). 



a=l v ' «,/3=l 

1 

~ 4 



Let exp(— L xo (r))(y, y') (y,y' G R m+1 ) be the smooth kernel of exp(— L xo (r)) 
associated to dv„ Tr r (y')- 

Proposition 3.11. For xq G M, 

m+l 

(3.47) limTr[rP u (x ,x )] = (-l) :Il ^+P+ m (-) * vk(F) 



(TB) exp(-L a . o (r))(0,0)'&|^ [exp 



Ziere J A means the coefficient of e 1 A • • • A e m+1 c(ei) • • • c(e m+ i) in t(TB) 
exp(-L xo (r))(0,0)TY| M [exp(-ir>)]. 
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Proof. At first, by |BZ1 Proposition 4.9], among the monomials in terms of 
c(e a )'s and c(e a )'s, only c(ei)c(ei) • • • c(e m+ i)c(e m+ i) has a nonzero supertrace 
with the Z2-grading on A(T*M) defined by (—1) n m. Moreover, 

(3.48) Tr [(-l) 7V M C ( ei )c( ei )... c (e m+1 )?(e m+ i)] = (-2) m+1 . 

In view of Q3.48JI . to compute the local index, it is convenient to use the 
rescaling V 6a -> -^V 6a , c(e a ) ^e a A-0Zi ea , c(e a ) -> c(e a ) and y a -> v^S/a- 

We denote by L 2)U , ^3,« the operators obtained from uD w *^ F ' 2 , uD' K * tJ ® F > 2 , 
u[D 7r *^® F , D^*^ F ] after the above rescaling. Then by Propositions l3.5ll3. Gl and 
(pOHjl . as u ^ 0+, 

m+l 

(3.49) 



a=l 



^2,„-E V ei + -( J R™y,e 



i=i 



+ 1 E (flS"e i) e i )c( ei )c(e,) + i W (vr^,/^)^, 



£ 3)U -»0. 

Thus after rescaling, the operator u^D 77 ^®^(r)) 2 has the limit 



(3.50) 



1 + r 2 / 



'■I'D 



By (13.481) . (|3.50f) and by proceeding the standard local index technique, we get 



m(m+l) 

(3.51) limTr[?P u (x ,*o)] = ^(-2) 

e— >0 



m+l 



r (r J B)exp(-L, (r))(0,0)Tr| M 
Tr|ir exp 

Now note that (cf. jBLj, (3.77)]) 



1 

47T 

exp ( -iT^' 



1) 



P+i 



1 + r 2 



ttT-F 



(3.52) 



Trl 



exp 



1 + r' 



-u 



tt*F, h^ F 



rk(F). 



The proof of Proposition 13. Ill is completed. 



□ 



Proof, {of Theorem, I/O}) . From (|3.24j) . Proposition 13.111 the Atiyah-Patodi- 
Singer index theorem [APSH Theorem 3.10], one get as in jZ II (1.54)] the 
following mod Z variation formula of r/ invariants, 



m+l 

m(ra+l) . 1 / 1 \ 2 



Mx[0,l] 



r (TB) exp(-L(r))(0,0)Tr| M exp 
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Now, observe that L(r) has even degree on the Clifford variables c(ej) (resp. 

by the parity consideration, we know J A t(TB) exp(— L(r))(0, 0) Tr| M [exp(— R^b^)] 
is zero if n is odd. Thus we get the first part of Theorem 13.81 

On the other hand, when dimZ is even, from (|3.53|) and its application to 
the trivial complex line bundle case, we get the second part of Theorem 13.81 

Thus the proof of Theorem 13.81 is completed. □ 



3.6 A proof of Theorem 1331 

We will distinguish the objects in Section I5~2l associated to \g TB ', instead of 
g TB , by adding a subscript e. By (|2.12j) . for u%, ui G R, c = c or ~c, 

(3.54) £ NB/2 c e (u iy /If a + u 2 ei))e- NB l 2 = Ul c(f a ) + u 2 c( ei ), 

-N b /2 _ ^ 



Denote by D^/® F = e N ^ 2 Df "®V^/ 2 , similarly, we define and 
D^ F (r). Let v? : A(T*B) -> A(T*.B) by defined by c/xj = (2tt7^T)- dc s w / 2 u. 

Since we have twisted a vector bundle /ionB, the superconnection in Section 
13.11 should be modified accordingly. Let \J E ®^ e be the connection onfig/i 
induced by V E,e and V 1 . Denote by C« the superconnection on /i <g) I£ defined 
by replacing V s,e in (|3~T1|) by V^®^ 6 . All other operators in (|3~Ti|) extend 
naturally on E ® (J>- Let V be the connection on A(T*M) (g) 7r*/x (8) i 7 induced 
from V TH m © V TZ , V*, V F ' e . 



Theorem 3.12. For any u > 0, one has 



(3.55) — = lim Tr 

A/7T £^0 



D. 



' sig,e,e 



r) exp [-uD slg e e 

[ L{TB,V TB )ch(n,h») 
Jb 



1 



1/2 



<pTr s 



2y^ {C Au + V^lrDfe) exp (-(1 + r 2 )C|J 



.2ttV-1. 

where the Tr s on 22 is defined by the ^-grading induced from (—l) Nz . 



Proof. Following BF and |BC| . let z be an odd Grassmannian variable which 
anti-commutes with c(e a )'s and c(e a )'s. As in |BC1 (4.54)], if A, B are of trace 
class in End(ft* (M, vr> ® F)), set 

(3.56) Tr 2 L4 + zfi] = Tr[B]. 

One finds as in [BE] and jEO (4.55)] that by (|3~2^|) . 62B>, l|334l . 



(3.57) v ^Trfe:f/(r)exp(-n J D 



siK,e,e 
1 



sig,e,e 



r) 2 ) 



v^Tr r e Df ^® F (r) exp(-u£>f ^ F (r) 2 ) 



--Tr 2 
2 



r e exp(-uDf ^ F (rf + zv^2) 



•)) 



-Tr 2 
2 



r exp(-u J D^ F (r) 2 + ^D s ^ F (r))' 
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In |Z11 Proposition 2.2], Zhang formulated a Lichnerowicz type formula 
for u{DT/® F ) 2 - z^uDf/® F which is obtained from (ETTUl) and flTT3|l . The 
corresponding degenerate term as e — ► is 

(3.58) -us £ (V /Q + ^ X) fM^Wp) + yM 

a i,/3 * 

On the other hand, from H3.1Uj) . (|3.23|) and Proposition 13.61 it is easy to see 
that for the operators (D^^® F ) 2 , [D^^® F , Dg > J J '® F ], there is no second order 
derivative on V/ Q and all the other terms converge as e — > 0. Thus, the only 
possible singular term in the local index computation appears in (|3.58|) . 

To cancel this singular term in (|3.58|) , one can proceed as in |BCj , |Zlj . Here 
we will give another argument as in |BerBl §7], |Mal §7]. 

We fix 6o G B. For 5 > small enough, we can identify the ball Bq(5) C 
Tb B with center and radius 5 to the ball in B by using the exponential map. 
Let 'V e be the connection on A(C(z))®A(T* B) on B defined by 

( 3 _ 59 ) /v A(C(^))gA(T*S) = V A(T*B) + Zc(-) ^ 

6 2y/ue 

Then by (l3~29l . (I33H]) . 

(3.60) ('V £ ) 2 = -J2 (R TB fa, fp) WaWp) - c(U)c(fp)) ■ 

a,/3 

Let V £ be the connection on A(C(»)®A(T*M)<g)7r* fUgiF ~ A(C(z))®A(T*B)i 
A(T*Z) ®n*n®F induced by 'V e , V TZ , V and V F ' e . 

For y G Tf, B sufficiently close to 6o, we lift horizontally the path t G R*j_ — > 
ty into path t G R^ -> sc t G M, with x t G Z tJ/ , ^ G T H M. For x G Z , we 
identify (A(C(z))®A(T*M) (8 vr> <g> F) Xt to (A(C(z))§A(T*£)) 6o §(A(T*Z) ® 
7r*/i (8) -F) xo by parallel transport along the curve t ^ xt £ Z s with respect to 
the connections V e . For y G ?& Y, set 

(3.61) H = - (v /q + i /«)) 2 - ^ E « B /«> U)c(UWp). 

a ^ ' a.,P 

Now we do the following Getzler rescaling: y a — ► ^/uey a , V/ a — ► ^V/ a 
and c(/ a ) -> -^/ Q A -Vusi fa . By (l3~5|) . (l3~TU|) . <CT231> . (l3~2lH) . (I33H1) . Mil) . 

|Z1| Proposition 2.2], and by proceeding similarly as in |BC| (4.69)], the rescaled 
operator obtained from uD^^® F ' 2 (r) — ZyfuD^^® F (r) converges as e — > 0, to 

(3.62) 

W + (1 + r 2 ){Ctf - z (^/uD z + ^ + v^Tr - d*) + f^)) . 

In fact, when r = 0, this follows from jzU (2.41)]; now by (ETTOj) . (|3~23|l and 
Proposition 13.61 we find that (|3.62|1 holds in general. 
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Also from (EH!) . 
(3.63) (CZ) 2 = C 2 U + R». 

By (pnUJl . dXTU), (|3~TH|) . ipOH|) . (Em, (l3~53l . as in [TU (2.43)], we get 



(3.64) limTr |^(r) e xp(-uZ)£ff (r) 2 ) 



1 p(p+i) , 

-<-i)-V^ - 



sig,e,e 

det 1 / 2 



^/2 \ T r 

smh{R TB /2)J T[e 



Tr, 



(C 4u + \Z-TrD 4u ) exp (-(1 + r 2 )C 2 u ) 



j AB ?(TB)exp U^(R TB f a Jp)c(f a )c(fp) 



where J Ab means the coefficient of f 1 ■ ■ ■ f p A c(/i) • • • c(f p ) in the last term 
of (E2U). From (l3~T71) . lETo^ . as in [ZH (2.44)], the last term of (|3~H1|) is 

(v^I) 211 ? 11 det 1 / 2 (cosh( J R TB /2)). Thus we get (13351) . □ 

The following Lemma tells us that the right hand side of (|3.55j) is zero. 
Lemma 3.13. 



(3.65) Tr s 



^ (C u + ^rD u )\ exp (-(C u + V^lrD u ) 2 ) 



Tr 



2u 



dTr s [N z exp (-(C„ + v^rA,) 2 )] 



Proo/. By (EHU) . 
(3.66) 

By (|33D, (EHJ, we have (cf. also [Ml pl9]) 
(3.67) 

Thus by (Emi . (I3MT71) 



(C u + ^r J D u ) 2 = (l + r 2 )C 2 . 



2n— C tt = -[iVz,D„], 2u— D U = -[N Z ,C U ] 
ou ou 



(3.68) Tr s 







^ (C u + v^Tr^) exp (-(C u + v^lrl?..) 2 ) 



— Tr s [([N z , D u ] + >/=Ir[JVjy, C u ]) exp [-(C u + ^r AJ 2 )] 



Tr 



2u 



Tr s [ [C u , iV z exp {-{C u + ^TrD u ) 2 )] ] 



Tr 



2u 



dTr s [N z exp {-{C u + V^lrD u ) 2 )] 



□ 



Proof. ( o/ Theorem . From Lemma I3.13( we know that the right side of 
()3.55j) is zero. By mimicing the argument in [D], we get Theorem 13. 91 ( compare 
also with T, p. 298] for the precise counting of the mod Z term). □ 
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3.7 T) invariant and Bismut-Lott theorem 

We prove the Bismut-Lott formula (1.2) in this subsection. 

By the standard variation formula for reduced eta invariants, we find that 
for any r € R, 







(3.69) ^{D^f F {r)) 
= lim a/uTt 



(t D :^e F (r)) exp {-u{D^r{r)f 



lim TV 

u-»0 



^V5^Ef J? «p(-«(D2f*-(r)) : 



-,7r*/j(giF/ \\2 



lim 

m^o 2 



-TV 



T^D n *^ F exp 



Now we do the rescaling as in Section 13*31 then by (|3.23|) . we know the rescaled 
operator of ^D n *^ F is 



(3.70) 

By 
(3-71) 



£ c( ei ) (V ei + - (< M y, ei)) + -u(F, h F ) Xo . 



the rescaled operator of u(D n *^ F (0)) 2 is L xo (0), and 



^c(e 4 )(V ei + - « M y,ei) ) exp(-L :EO (0))(0, 0) 



i=l 



is zero. Thus as in Section 13*31 by (|3.48|) . we get 



(3.72) lim TV Wy/uB"*'™*' exp (-u(D w *^ F (0)) 2 ) 



u^o 2 

m(m+l) 

-(-1) > 
2 V ; 



1 \ T 



7T 



-1 / dtto [ A ?(TB)exv(-L Xo (0))(0,0) 
Jm J 



TVI 



exp -iT ^ 



TVI 



-o;(F,/ l F )exp -~w 



By a simple algebraic result (cf. |B()V| Prop. 3.13]), the Berezin integral of f A 
in (13*721) is (cf. [ZU (1.49)-(1.51)]) the coefficient of e 1 ■ ■ ■ e n in 



, — p(p+i) r 
(v^^^TV^ exp [-R? » 



det 1 /2 



R™/2 
sinhi?™/2 



TV| F 
det 1/2 ( cosh 



~u(F,h F )exp {F,h F ) 2 



R 



det 1 / 2 



sinh( J R iZ /2) 



exp 



R TZ /2 



1,3 



Thus at r = 0, we get 



d_ 

dr 



(3.73) £;r?(^ i :f i? (r)) r= o 



i f L(TB)ch( M ) / e(TZ)f;i C2j+1 (F) 
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By applying (|3.73f) to the case of M = B and by (|2.5UI) and Theorems 13.81 
13.91 one finds, 

(3.74) f L(TS)ehOu) f e(TZ)f^^ [ e(TZ)c 2j+1 (F) 
Jb Jz ~q j- jz 

oo 

= / UTB)ch^)Y,-^c 2j+1 (H(Z,F\ z )). 
Jb j=0 J ' 

As L(T2?)ch(-) : K(B) (g> R —> H even (B,~R) is an isomorphism, we get from 
(l3~74l that, 




which is equivalent to the Bismut-Lott formula (1.2) through a simple degree 
counting, in the case where B is orientable and of odd dimension. 

3.8 A proof of Theorem 11.11 

First of all, if B is not orientable, then there is a double covering a : B' —* B 
such that B' is orientable. We pull-back the fibration 7r : M — ► B to get a 
fibration tt' : M' — > B' . Thus we only need to prove Theorem 11.11 when B is 
orientable. And from now on, we assume B is orientable. 

Next, if B is of even dimension, then we can apply the analysis before to 
the product fibration Z — » M x S 1 — > i? x S 11 to get the result. Thus from now 
on, we can also assume that dim B is odd. 

Combining with what was done in the last subsection, we get a new proof 
of Bismut-Lott formula (1.2). 

It remains to prove (|1,3|) . 

As in (|2.46|) . we have, when mod Q, 

(3.76) $(M/B,n,F,0) = [ L{TB)ch(fi) [ e(TZ)Re{CCS{F,V F )). 

Jb Jz 

Thus from Theorem 13.91 (|2.46|) , (|3.76j) , and the argument as in the proof of 
(I3~751) . we get in H odd (B, R/Q), 

(3.77) 

„ n 

/ e(TZ)Re(CCS{F,V F )) = Y / {-l) i Re{CCS{H i {Z,F\ z ),V H ^ z ' F ^y)) 

n 

-ik{F)^2(-iyRe(CCS(H i (Z,C\z),V Ht{z ' clz) )). 

Now by Poincare duality, one has for any nonnegative integer i, 
(3.78) W(Z,(F®o(TZ))\ z ) = (H n -\Z, F*\ z )f . 
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Thus, if F = F*, one has 

n 

(3.79) ^(-l) i Re(CC5(^ i (Z, (F ® o(TZ))\ z ), y^{Z,{Fm{TZ))\ z )^ 

n 

Y^{-^) n ^MCCS((H i (Z,F*\ z ))*M Hl{z ' F * lz)) *)) 



8=0 



i=0 



i=0 



J2(-l) n - i -R,e(CCS((W(Z,F\z)TM H ^ z ' F ^*)) 

n 

= (-l) n ^(-l) i -Re(CCS(H i (Z,F\z),V Hi ( z > F '\* ) )). 



i=0 



If n = dimZ is odd, then by setting F = C®o(TZ) in (j3~77)) and by (|3~79"f). 

one gets 

n 

(3.80) 2^(-l) i Re(CC5(F i (Z,C|z),V^ (Z ' C|z) )) = in tf odd (5,R/Q), 

i=0 

from which 1)1.5(1 follows. 

On the other hand, if n is even, then ()1.5j) follows from the second part of 
[B3l Theorem 3.12]. 

Thus, (|1.5j) holds in its full generality. 

From (JT3J) and ((3*777)1 . one gets (JOJ). 

The proof of Theorem II .11 is completed. 

3.9 A refinement in K^ Z (B) 

Recall that tt : M — > 1? is a fibration of compact smooth manifolds with 
compact hber Z, and is a metric on TZ. Let (-F, V^) be a complex flat 
vector bundle and h F is a Hermitian metric on i 7 . Recall also that V F ' e is the 
Hermitian connection on F induced by and h F as in (|2.7() . 

Suppose that Z is even dimensional and spin c . Let S(TZ) = S + {TZ) © 
S~(TZ) be the spinor bundle of TZ. In jEJ §4], Lott defined a topological 
index Ind top and an analytic index Ind an , mapping from K^) Z (M) to K R ^ Z (B). 

Especially, for any £ € K'^M) L, (37)], 

(3.81) ch R/Q (Ind top (£)) = / A(TZ)e c ^/ 2 ch R/Q (£), 

where A(TZ) = y?det 1//2 ( sinh ^Tz/ 2 ) ) is the ^4-hat genus of TZ and c\(Lz) 
is the first Chern class of the complex line bundle Lz which defines the spin c 
structure of TZ. The main result of Lott [EJ Corollaries 1 and 3] is that for any 
EeK-) z {M), 

(3.82) Ind top {£) = Ind an {£). 
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We denote by C the trivial complex line bundle carrying with the trivial 
metric and connection. Then F = [(F, h F ,V F > e , 0)-rk(F)C] G K^j z (M), thus 

(S + (TZ)* - S-{TZ)*) T G K^ /Z {M). Set 

n 

(3.83) 1(F) = £(-l) i (H i (Z,F\ z ),h Hi ( z > F M, V^(™' e ,0 

8=0 

Let rj(X7 F , /i^) G f2 odd (i?)/Imd be the eta form of Bismut-Cheeger 



_i r°o 

(3.84) l}(V F ,h F ) = (2ttv /Z T) 2 / ¥>TW 



<9it 



exp(-C u 2 ) 



du. 



Theorem 3.14. 

(3.85) Ind top ((S+(TZ)* - S~(TZ)*) T) 

= 1(F) - fj(V F , h F ) - vk(F) (/(C) - ^(V c , h c )) . 

Proof. In [LJ, Lott used spin c Dirac operator to define Ind an , especially, the 
spin c Dirac operator (twisted by (S + (TZ)* - S~(TZ)*) <g> F), D z < c is 

(3.86) D*<* = ^c( ei )V^ e = + i 

This operator D 2,c has not constant dimensional kernel, thus we need to choose 
smooth finite dimensional sub-bundles F± of E± (E + = E cvcn , E^ = E odd ) and 
complementary subbundles G± such that D z,c are diagonal with respect to the 
decompositions E± = F± ffi G± and D z,c restricted to G± is invertible (cf. [EJ 
Definition 14]). It seems that it is hard to compare directly the right hand side 
of (t3~%5l to lnd an ((S + (TZ)* - S-(TZ)*)®F) in jO Definition 14]. But by the 
arguments in [i] Proposition 6 and Corollary 1], we will get 1)3.85 J) if we can 
prove the following identity for any odd dimensional compact spin c manifold 
B, 

(3.87) rj M ((S + (TZ)* - S~(TZ)*) ® F) = rj B (I(F)), 

where rj is the reduced eta invariant of the spin c Dirac operator twisted by the 
corresponding bundles as in [El Definition 11]. 

Let g TB be a metric on TB and let V TB be the Levi-Civita connection on 
(TB,g TB ). Let X7 S ( TB ^ be the connection on the spinor bundle S(TB) induced 
by V TB and the connection on the line budle defining the spin c structure. 
Let V e be the connection on A(T*Z) <g> tt*(S(TB)) (g> F induced by V A( - T * Z \ 

V n*(S(TB))^ y F,e_ g et 

(3-88) D H = Y^c(f a )(V% + h(f a )). 

a 

Then by proceeding as in jBCl (4.26)], we get 
(3.89) D M > C = D H + D z > c - ^ . 
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and r] M ((S + (TZ)* — S (TZ)*)®F) is the reduced eta invariant of the operator 
D M > C . Let 

(3.90) D 'M = D H + D z_W 

Then D' M = D M > C - \ ^ c(ej)w(F, h F ){ ej ) and \ £\ cfeM-F, h F )(Pj) anti- 
commutes with c(X), X G TM. Using the variation formula for eta invariants 
(cf. |APS2j and |BFj ) and the local index techniques as in |BC) Theorem 2.7], 
we know (cf. |B31 Proposition 3.5] and |Z11 (3.5)]) 

(3.91) fj M ((S + (TZ)* - S~(TZf) ®F) = fj(D M ' c ) = r){D M ) mod Z. 

From ((3.91)1 . we can use the adiabatic limit argument as in [El Proposition 6] 
to get (|3~87jl . □ 

By |B31 Theorem 3.7] and |Z11 Proposition 2.3] (cf. also Lemma l3.13|) . 

(3.92) ^(V F , h F ) = 0. 
Thus from (|3.84|) and 1(3.85)) . we know 

(3.93) lnd top ((S + (TZ)* - S~(TZ)*)(»J^ = 1(F) - rk(F)J(C). 

When we apply (|3~HT|) to ([335]) . we get again ((5777)1 . 

Thus, (|3.93|) represents a refinement of ((3.77)1 in K^, Z (B). We leave the 
interested reader to extend this to the case where no spin c assumption on TZ 
is required. 

3.10 The i] and torsion forms 

In the rest of this section, the supertrace Tr s on E is defined by the Z2- 
grading induced from (—l) Nz . Let 

n 

(3.94) d(H(Z,F)) = ^2(-l)Hd\mH\Z,F). 

i=0 

Let MT*Z) be another copy of A(T*Z). For w G A{T*Z), we denote by Q G 
MT*Z) the copy of u. Then the Berezin integral f B : A(T*M)®A(T*Z) -> 
A(T*M) ® o(TZ) is defined by f B 7 A -> 7^ ■■■i^fi for 7 G A{T*M). 
We define also the fiber-wise integral f z by: for 7 G C°°(B, A(T*B)), 5 G 
C 00 (M,A(T*Z)®o(TZ)), 



z 



(3.95) / (vr* 7 ) A 5 = 7 / 5. 

Set 



(3.96) i? TZ = ( RTZe i> e i) e* A e* € A 2 (T*M)®A2(r*Z), 
e(TZ,V^) = (-l)Tvrf j* w(-Ir™ 
a_, = (-l^Tri rk(F) jj^e'A ? exp ( - ijj^ 
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The form e(TZ, V TZ ) is the Chern-Weil representative of the Euler class of TZ. 
And a_i is a function on B and is if n is even. 

For any u > 0, let ip u : A(T*B) -> A(T*B) be defined by that for 7 £ 
A(T*B), V>«7 = ii- deg7 / 2 7. Then by (3.14), 

(3.97) Tr s [JV Z exp((l + r 2 )L> 2 )] = ^ uTlg [ Nz exp ( (1 + r 2 )uD 2 )] . 

By standard results on heat kernels, we know that Tr s \N Z exp((l + r 2 )uD 2 )] 
has an asymptotic expansion in u as u — > + , which only contains integral 
powers of u if n = dim Z is even, and only contains half-integral powers of u if 
n is odd. Since Tr s [N z exp((l + r 2 )D 2 )] is an even form on B, by ()3.97j) we see 
that the same happens to it. 

On the other hand, as in |BZl (11.1)], we have 



(3.98) 



N z 



1 - 



8=1 



By jBLl Theorem 3.15] and (|3~5%j) . as in [BLl Theorem 3.21], jBZl Theorem 
7.10], we have for r G R, as u — » + , 



(3.99) Tr4AT z exp((l + r 2 )Z) 2 )] 



— x(Z)rk(.F) + O(u) if n is even, 



a_i 



[ V(l + r> 



+ 0(y/u) if n is odd. 



While as u — ► +00, 

(3.100) Tr s [iV z exp((l + r 2 )D 2 )] = F)) + O (-j=) 

From (|3.65|) and ()3.99j) . we know that as u —* + , 
(3.101) 



TV, 



5 



— (C„ + V^lrA,) ) exp (-(C w + V^lrD u f) 



-lrda-i 



2v / TT72-a 3 / 2 



+ -4= 



The following definition is closely related to |BL[ Definition 3.22]. 
Definition 3.15. For any r 6 R, put 



(3.102) I r 



-rip 
a-i 







Tr, 



N z e 



-{C u - 



-lrD u ) 2 



d(H(Z,F\ Z )) 



II 



x(Z)rk(F)-d(H(Z,F\ z )))e 



,-(l+r 2 )u/4 



du 
2u' 



^/{l + r 2 )u V2 

Let rj r be the 77-form of Bismut-Cheeger |BC1 Definition 4.33] defined by 
(3.103) 



(2tta 



1 r°° 



<p\ Tr s 



d_ 

du 



C u + V=TrD tt ) exp (-(C„ + v/^TrAj 



-lrda^ 



2^TT72 U 3/2 



1/2 J 
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Remark 3.16. The extra term involving da-i in the right hand side of (|3.103j) 
shows that this rj r form is slightly different from what in [BU]. 



Theorem 3.17. For any r £ R ; the r\ form rj r is exact and is at r = 0. 

Moreover, the following transgression formula holds, 



(3.104) 



Vr 



dl r 

2vr 



Proof. Theorem 13 . 1 71 is a direct consequence of Lemma l3.13l and (|3.100|) . (|3.99[) . 

□ 

Let Tf(T H M, g TZ , h F ) be the torsion form constructed in the spirit of |BL| 
Definition 3.21] associated to the odd holomorphic function f{z) such that 
f'(z) = e z , that is 



(3.105) T f (T H M,g TZ ,h F " 



o 



Tr, 



N z e D * 



d(H(Z,F\ z )) 



a_i jn 



^ - ( £ X (Z)rk(F) - d(H(Z, F\z))) e-/ 4 ) ^ 



iu \2 

Theorem 3.18. The following identity holds, 



du 



(3.106) 
In particular, 
(3.107) 



dl r 
dr 



T f {T"M,g^X). 



r=0 



dr 



r=0 



~2^.dTf(TM, g ,h ). 



Proof Formula (EHUoT follows from (l3~TIl2^ . (EHTTBl . Formula (EHUD) follows 
from (l3~T04l and (l3~T06|l . □ 

Theorem 3.19. For any rER, the following identity holds, 
- + °° (1 + r 2 V 



(3.108) ^ r 



2vr ^ 7'!(2j + _. 
j=0 J y J ' i=l 



+oo 



3=0 



In particular, 



(3.109) ^ 



r=0 



1 +oo _. n 

j=0 7 i=l 



^). 
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Proof. In fact, by Lemma 13. 131 and H3.1U3j) . we have 
(3.110) 

~dD u 



V { Tr, 



du 



rf r = V-lr (27TV-1) 

Prom (|3.14j) and l)3.110J) . one deduces that 
(3.111) rj, 



exp((l + r 2 )D 2 ) 



da- 



2 v / lT72n 3 / 2 



7Tr^ (1+r2) ^ 

By (|3.111|) . we need only to prove ()3.1(J9|) , 
Lemma 3.20. The following identity holds, 



r=0 



(3.112) Tr s 



dP u 
du 



exp(Dl) 



da_i d 
2u 3 /2 = 9^ 



f Tr s [D u exp(s 2 Dl)] ds. 
Jo 



Proof. By GFTty . (|3~7)5]) and (|3~M|) . one has 



(3.113) lim Tr, 



0A* 
9m 



sexp(s 2 L> 2 ) 



lim — #,- 2 Tr, [iV z exp( J D 2 2 J] 

S— >0+ 



2u 3 / 2 ' 



Thus 



(3.114) 



du 



Tr, 



Tr,[D n exp(s 2 D 2 )]ds 



^T exp(s 



i 

Tr £ 
Tr, 



ds+ I Tr 



s 2 A, 



Ml 

aw 

2 r>2\ „2 r>2 



exp(s 2 J D 2 ) 



du 

8D U f 1 8 



(l + 2s^)exp(s^) 
(sexp(s 2 D 2 ))ds 
= Tr 



<9u ./n 9s 



dD u 



du 



exp(^) 



da_i 
2^72"' 



which is exactly (|3.112|) . 

Now by (|3.14|) again, one has 

(3.115) Tr, [D u exp(s 2 J D 2 )] = ~^ s -^ [D*« e^Pk)] • 
Now from |BLl Theorem 3.16], we know that 

(3.116) (27r^T)^Tr s [D u exp(D 2 u )] 

[ e{TZ,V TZ ) V ~02 i+1 {F,h F ) + O(v^) as u -»■ 0, 



□ 



j=0 



E 4 £(-i) W^(s. + o 



j=0 J i=0 



as u — > +00. 
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Since Tr s [D u exp(s 2 L>^)] is an odd form on B, by (|3.116j) . one sees that 
\^ip s -2Tr s [D s 2 u exp(D^2 u )]\ has a fixed uniform upper bound for s £ (0, 1], u £ 
(0,+oo]. 

Thus, from ()3.110|) . (|3,112|) . (|3,115|) . (|3,116|) and the dominated convergence 
property, we get 



(3.117) 27 r§ 



(2vrV-l) 1/ V 



f 1 

lim / -ip s -2Tt s [D s 2 u exp(D%)]ds 

U—>+OQ Jq S 

- lim / -ip s -2Tr s [D s 2 u exp(D^2 u )]ds 

u^0+ JO S 

j=0 ^° i=0 

r <x> i 

- / e(TZ,V TZ )J2^c 2j+1 (F,h F ) / ^ 

+oo 1 n 

E 5^ E <-uw*« *■!.), fc-^") 

+oo 

-E^pjrryX^v-)^^,^), 



which is equivalent to ()3. 1(J9|) . 



□ 



Combining (J3.1U7|) and (|3.109() . one gets the following transgression formula 
of Bismut-Lott type. 

Corollary 3.21. The following identity holds, 

(3.118) dT f (T H M,g TZ ,h F ) = J2 jK2j + l) J ^ e(TZ, V rz )c 2j+1 (F, h F ) 

+oo 1 n 

E 5^ E HM* jm.***"*). 



Alternately, (|3.118f) is also a consequence of the following more precise rela- 
tion between Tf(T H M, g TZ , h F ) and the Bismut-Lott torsion form T(T H M, g TZ , h F ) 
defined in jBLj Definition 3.22]. 

Theorem 3.22. The following identity holds in Q*(B), 

(3.119) T(T H M,g TZ ,h F ) = (1 + N B )T f (T H M, g TZ , h F ). 

Proof. Recall that the Bismut-Lott torsion form T(T H M, g TZ , h F ) is defined 
by 



(3.120) T(T H M,g TZ ,h F " 



+oo 



Tr, 



2\ D 2 



N z (l + 2D z u )e 



d(H(Z, F\ z ))- gx(Z)rk(F) - d(H(Z, F\ z )j) (l - |) e~^) ^ 



39 



A direct computation shows that the 0-form component of Tf(T M, g TZ , h F ) 
is exactly the half of the Ray-Singer analytic torsion defined in |RSj and |BZj . 
Thus, the 0-form component of (|3.119|) is a consequence of BL, Theorem 3.29]. 

On the other hand, for % > 0, we denote by a superscript [i] the i-form 
component of the corresponding forms. Then by (|3.14|) . one has 

(3.121) {Tr s [N Z DI exp = {Tt s [N z uD\ exp (uD?)] f . 

Thus, one deduces that 

(3.122) 



{Tr s [N z Dlexp(Dl)]} 1 



du 



■3 {Tr s [N z Dl exp {uD 2 )] } [i] du 



i 5 



u s — {Tr s [jV z exp } w du 



i u 



'5{Tr s [iV z exp (uDj)] } [ 



(in 
2V 



where in the last equality we have used the facts that 
(3.123) lim u~i {Tr s [N z exp (wDf)]} 1 * 1 



lim {Tr s [iV z exp (D 2 u )]} [il = 0, 



and 



(3.124) lim u - i {Tr s [iV^exp }' 



It— > + 00 



lim {Tr s [JV^exp(Z>2)]} M =0 > 



u— >+oo 



which are the consequences of (13.99(1 and (|3.10U|) . 
From g3H , we get (|3~TT9l . 

Remark 3.23. From (f3~HS|). as in ((277i|) . (|2~75|) . we get 



□ 
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(3.125) — [^Tr s [jV z exp (-(C u + v^r A,) 2 )] 



— Tr s [A, exp {-{C u + x/^rA,) 2 )] 



— dTr s [2N z D 2 u exp (-(C u + ^lrD u ) 2 )] 



Especially, when we restrict ourselves to r = 0, from (|3,125|) . we get 
(3.126) ^Tr s [D u exp (-C 2 )] = ^dTr s [N z (l + 2D 2 ) exp (-C 2 )] . 

This is exactly |BL1 Theorem 3.20]. It seems interesting that here we obtain it 
purely through the consideration of r] forms. 
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